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ples that the then most common way to regularize delta functions in connection to level
set methods produces inconsistent approximations with errors that are not reduced with
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1. Introduction

The level set method, originally devised by Osher and Sethian [1], is a very popular method for the evolution of interfaces,
and it has been implemented for numerous applications. In some of these applications, the question of how to numerically
approximate a Dirac delta function arises. For example, in immiscible multiphase problems, Dirac delta functions supported
on interfaces separating different fluids are often used in the modeling of the surface tension forces acting on the interfaces.
Another example is the problem of evaluating a line integral in two dimensions or a surface integral in three dimensions.
This problem can conveniently be reformulated as an integral in 2D or 3D involving a Dirac delta function with support
on the line or surface. One approach to approximate such delta functions is to extend a regularized one-dimensional delta
function to higher dimensions using a distance function. This has been a common technique in connection to level set meth-
ods [2] since the distance function is usually available discretized on a computational grid. However, care is needed since the
extension to higher dimensions using a distance function may lead to ©(1) errors [3]. In [3], it was shown that another exten-
sion technique that is based on products of regularized one-dimensional delta functions [4] is consistent. This technique is
however only applicable when an explicit representation of the curve or the surface is available. In level set methods the
curve or the surface is represented implicitly by a level set [2,5].

To overcome the lack of consistency that became apparent with the work presented in [3], a number of consistent delta
function approximations that can be used with level set methods have been proposed. Engquist et al. [6] proposed two such
approximations. The first one is an approximation of the product rule using the distance function and its gradient. The sec-
ond one is based on the linear hat function but uses a variable regularization parameter. Smereka [7] derived a discrete delta
function obtained as the truncation error in solving the Laplacian of the Green’s function, which was proven to be second-
order accurate by Beale [8]. Consistent approximations for which the level set function and its gradient are needed have also
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been introduced by Towers [9,10]. The advantage of these methods is that the supports of the delta function approximations
are very small. The discrete delta function proposed by Smereka has its support contained within a single mesh cell.

One way to explain the reason for the inconsistency shown in [3] is the following: The one-dimensional delta function
approximation is designed to obey certain moment conditions on a uniform grid. The first moment condition is the mass
condition that ensures that the delta function approximation sums to one independent of shifts in the grid. Delta function
approximations with compact support where the widths of the approximations are fixed to a number of cell widths was con-
sidered in [3]. As the one-dimensional delta function is extended to higher dimensions, using the closest distance to the line
or surface, the effective width in each coordinate direction relative to the grid size will depend on the slope of the curve or
surface. This will in general no longer be within the design of the one-dimensional delta approximation, causing a violation
of the mass condition, and hence an ¢(1) error that will not vanish with grid refinement. This is further discussed in Section 3.
This effect was recognized by Engquist et al. [6] who introduced a first correction to this, by defining the regularization
parameter to depend on the gradient of the distance function.

The problem with extending the delta function to higher dimensions using the closest distance to the line or surface is
hence that the one-dimensional delta approximation is dilated, and that the moment conditions are no longer valid. One
can however construct delta approximations such that the moment conditions do hold for a wide range of dilations. These
functions are however not of compact support. One such function was given in [11]. It has compact support in Fourier space,
and decays rapidly enough in real space to lend itself to truncation, but the effective support will be wider than one or two
grid points as in the approximations above. In addition, in difference to the delta function approximations discussed above,
that are of low regularity, this function is infinitely differentiable.

In the analysis in [12], the error is split into two parts. The first part is the analytical error due to the approximation of the
delta function. The second part is the numerical error due to the approximation of the integral containing the delta function
approximation. For the first part, it is continuous moment conditions that are important, and for the second part, it is (in
addition to the order of the quadrature rule) the regularity of the delta function approximation that limits the accuracy. This
gives an upper limit of the error, but in the case when extending by the distance rule, the error is typically quite close to this
upper limit. The result from this analysis is that the numerical error is of order ¢((h/¢)?) where p is determined by the reg-
ularity of the delta function approximation. For the compact one-dimensional delta function approximation, the regularity is
typically low. With a choice of ¢ = mh, which has been the common choice, the numerical error is of ¢(1), and the method is
inconsistent. Depending on the regularity and continuous moment order of the approximation, there is an optimal & < 1 in
& ~ h” that results in the best convergence. If we replace the narrow delta function approximation with an infinitely differ-
entiable delta function approximation, the result is quite different. The regularity of the delta function approximation will no
longer limit the accuracy of the quadrature rule. In fact, these functions can be considered as periodic functions, since they
decay to zero. For these functions, the trapezoidal rule on a uniform grid will converge faster than any power of h in the limit
as h — 0. This is often referred to as the superconvergence of the trapezoidal rule, and will yield a very small numerical error.

In this paper, we will consider three different functions that all have these properties. We will now provide a comparison
between one of the delta function approximations considered in this paper and the narrow linear hat function which in [3]
was shown to give ¢(1) errors. Consider the computation of the arc-length of a circle of radius 1 centered at the origin by
evaluating

[ s e,
JQ

where the computational domain Q is discretized with a regular mesh with mesh size h. Use the trapezoidal rule for the inte-
gration. For the narrow linear hat function

1(1_K i
oL, (x) = {Zh ( Zh)v ?f x| < 2h, (1)
0, if |x| > 2h,

there is no analytical error in the computation of the arc-length, see [12]. Still there is no convergence as h — 0:

h 0.1 0.05 0.025 0.0125 0.00625
Relative error 22x1073 8x 1074 8x107* 5x 1074 4x107*

Due to the symmetry of the problem and resulting cancellation of errors, these errors are quite small compared to the
errors in the examples given in Section 3. We use the same technique with the one-dimensional delta function
d:(x) = 850 (x) defined as the derivative of the Fermi-Dirac function

1
Dy
0nX) = T ram- (2)

This delta function approximation was used in the conservative level set method [13,14]. For this approximation, the er-

ror decreases exponentially down to the relative floating point error:
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h 0.1 0.05 0.025 0.0125 0.00625
Relative error 4.4 %1073 2x107° 7 x1071° 1x10 1 4x10°"P

What we see is the superconvergence of the trapezoidal rule for infinitely differentiable periodic functions.

This paper is organized as follows. In Section 2 we define delta function approximations and state conditions for accuracy
in one dimension. In Section 3 we discuss the simple example of computing the length of a line. We show why the compact
delta function approximations produce O(1) errors and how large they are. We also show why this does not occur for approx-
imations with compact support in Fourier space. In Section 4 we introduce three different consistent delta function approx-
imations and discuss their properties. In Section 5 we state and prove theorems for the error in both two and three
dimensions. We present numerical experiments in Section 6 and summarize our results in Section 7.

2. Regularization

Given a continuous function ¢(¢), a delta function approximation can be constructed by

. 1
Is(X) =2 @(x/&). 3)
Examples of such ¢(¢) functions with compact support are: the piecewise linear hat function
Lo (1=, ifje<t,
= 4
oo-{o " ittt @
the cosine approximation
1(1 + cos(m¢)), if ¢ <1
COS (£ — 2 ( ) SR 5
P (&) {Q if 16> 1, (5)
and the piecewise cubic function
228 =228 + 26, ifO<[¢<1/2,
P& =1 2 -4 2¢) +212¢ -3 2¢P, if1/2< ¢ <1, (6)

0, if ¢ > 1.

The functions @ (&), (&), and @€(¢) are plotted in Fig. 1.
In the next section we state the conditions which the regularized one-dimensional delta function must satisfy in order to
be accurate.

2.1. Discrete regularization in one dimension

Assume a regular grid in one dimension, with grid size h and grid points x; = jh,j € Z. We introduce the discrete moment
conditions:

Definition 2.1. A function §, satisfies g discrete moment conditions if for all x* € R,

1, ifr=0,
M (06, X h) =h> 8:(x% — X)) —x) =49 . ’
R T P o )
where x; =jh,h > 0,j € Z.
2 2 2
1.5 1.5 1.5
1 1 1
0.5 0.5 0.5
0 0 0
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
(a) " (€) (b) ¢*°5(€) (c) ¢°(€)

Fig. 1. Building blocks ¢(¢) for delta function approximations. A linear hat function (a), a cosine approximation (b), and a piecewise cubic function (c).
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If . satisfies ¢ moment conditions, we say that it has a moment order q. The first moment condition ensures that the mass
of the delta function approximation J, is one, independent of shifts in the grid. It is therefore referred to as the mass con-
dition. The higher moment conditions are important when the delta approximation is multiplied by a non-constant function.
The following theorem states that in one dimension the numerical accuracy of a regularized delta function is determined by
the number of discrete moment conditions.

Proposition 2.1. Assume . satisfies q discrete moment conditions and has compact support in [—Mh, Mh]. Assume also that
f(x) € CY(R), and that all derivatives of f are bounded, then

E=|h 76,05 — X)f(x) — fx) < Ch ®)
J

and E = 0 if f is constant.

A proof based on Taylor expansion of faround x* € R is found in Refs. [3,15]. The delta function approximations &, in last
section have support in [—¢, &]. The linear hat function &5, (x), the cosine approximation 5 (x ) and the cubic function &5, (x) all
satisfy the mass condition and hence are consistent approximations. The cubic function 5, (x) is most accurate. It satisfies

four discrete moment conditions and is according to Proposition 2.1 a fourth-order accurate approximation.
2.2. Extensions to higher dimensions

A Dirac delta measure concentrated on a curve or surface can be approximated by extending a regularized one-dimen-
sional delta function to higher dimensions. Basically two techniques are used. One is the product formula and the other tech-
nique is based on a distance function to the curve or the surface.

Let I c R? be a d — 1 dimensional closed, continuous, and bounded surface and let S be a parametrization of I'. Define
S(I',g,x) as a delta function of variable strength supported on I' such that

[ atrgxrooax = [ grxs)ds )

where x = (x,...x®) e R and X(S) = (XV(S),...,.XV(S)) e I
The product formula yields

5 8.%) = / Hoak —X($))g(S)ds, (10)

where J,, is a one-dimensional regularized delta function.
Assume that the space R? is covered by a regular grid

W %= (40 x0). 8 =x i jeez, k=1..d (1)
The following theorem was proved by Tornberg and Engquist in Ref. [3].

Theorem 2.1. Suppose that J, is a one-dimensional delta function approximation with compact support in [—¢, €], that satisfies q
discrete moment conditions (see Definition 2.1); g € C"(R%) and f € C"(RY),r > q. Then for any rectifiable curve I' and 5;(I', g, X)
as defined in Eq. (10) with & = (mhy, mhy, ..., mhy), it holds that

(Hhk>25 (', g, %)f (%)) /g S))ds
jezd

with h = max,«<4hy and E = 0 for constant f.

<’ (12)

This means that the results from one dimension carry over to higher dimensions, and that it is still the discrete moment
order of the one-dimensional delta function approximation that determines the order of accuracy.

The product formula is easy to use when I’ is explicitly defined. However, in level set methods, I' is defined implicitly by a
level set function ¢(x) : RY — R,

I'={x: ¢(x)=0}. (13)
It is therefore preferable to use this function to extend the regularized one-dimensional delta function é, to higher dimen-

sions. In the case when ¢(x) = d(I',X), a signed distance function to I', where the distance is the Euclidean distance from x to
T, the delta function approximation is defined as

d:(I',. 8,X) = g(X)0.(d(I', X)), (14)

where g is a smooth extension of g to R?, such that g(X(S)) = g(S). Using the level set function the integral in Eq. (9) can be
written as
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/f Jo(I', g, X)dx = /f (%) Vb (x)|dx. (15)

Note that the extra scaling of |V ¢| is needed when ¢ is not a distance function. In this paper we focus on the extension to
higher dimensions that employs the distance function.

3. Computing the length of a straight line

In this section we study the error made in the computation of the length of a straight line. In the computations a regu-
larized one-dimensional delta function ¢, is extended to higher dimensions using a distance function, according to Eq. (14)
with g = 1.

Consider the problem of calculating the length of a curve I':

I =S :/ (I, x)dx. (16)
[RZ
In the computation of |S], a delta function approximation J, on a regular grid is used:
h Z(S Fx_l xj:(xj17yj2)7 Xj] :j1h7 yjz :j2h7 jlezv l:12 (17)
jez?

In the following we will let the curve I" € R? be a straight line with slope k, but not a vertical line or a horizontal line. In
Ref. [3] it was shown that for I' = {x,x® = x® 0 < x < 5/1/2}, a line with slope k = 1 and J, being equal to the narrow
linear hat function &}, the relative error |S;, — S|/S is more than 12% as h — 0. This was shown by dividing the sum S into
contributions of M subsegments of I', each of length v/2h. Here, we consider a different approach. We express the error in
terms of the first discrete moment of J, (see Eq. (7) with r = 0). We can then show which delta function approximations that
will produce ¢(1) errors. For simplicity, we consider a line of infinite length so we do not have to worry about contributions
from end point terms.

From Eq. (3) we see that we can write 6.(x) as

05(X) = ndz(nx), &=ne. (18)
We take

n= ;\/sz (19)

where k is the slope of I" as defined above. Using Eq. (18) the computed length of a straight line S, (as given in Eq. (17)) is
Sh=hY" <h > sdr,x; J,»z))) =hy’ (nh > Snd(r,x; ,yjz))) : (20)
Ja€Z ez Ja€Z €z
It can be verified from Fig. 2 that nd(I',x;,,y;,) = x;, — X*(y;,) where
X'(y,) =% +ph, 0<p<1, nez (21)

is the x-coordinate of I" at y = y;,. Using the definition of the first discrete moment condition we can express Sy in terms of
the first moment of §; in the x-direction:

Sh= hz <ﬂhz5£(le —X*(J’jz))> = ﬂtho(beX*(sz)ah)- (22)

Jrez 1€z Jrez

For the linear hat function 6- and the cosine approximation 6 with ¢ = mh we have from Ref. [11] that

Mo (8. x", h) = — <(ko ki Dm+ (ki —ko— 1)p k"(k"; D_ kl(’“; ”) (23)
and
Mo (555, %, h) = ko +21;;l +1 sm((ko + ki + 1)%;”2;(0;;(2(5;)_ ko)/2 — p)m/m) ’ (24)
where
=|m-p|, ki=[m+p| (25)

Here, |m| denotes m rounded to the nearest integer towards minus infinity. We recall from Section 2.1 that one-dimen-
sional delta function approximations are consistent if they fulfill the mass condition, i.e. Mo (J;n, x*, h) = 1 for any shift in the
grid. The linear hat function with half width support & = mh satisfies the mass condition when m is an integer. The cosine



2204 S. Zahedi, A.-K. Tornberg/Journal of Computational Physics 229 (2010) 2199-2219

Fig. 2. I' 1s a straight line with slope k, n =1v1+ k*,and & =2h.In (a) k=1, 7 =2, and x*, defined in Eq. (21) is always a grid point, i.e. p = 0. In (b)
k=2,7 =2, and x* is either a grid point or lies in the middle of two grid points, i.e. p= 0 and p = 1/2 every second time.

function with half width support € = mh satisfies the mass condition when 2m is an integer. In this case, when I' is a straight
line, the effective half width support is #¢ (see Fig. 2) and #m and 2nm, respectively, must be integers in order for the linear
hat function and the cosine function to be consistent approximations.

Using Eq. (22) together with the formulas (23) and (24) we can evaluate the error in the computation of the length of a
straight line with slope k using the linear hat function or the cosine approximation. The line in Fig. 2(a) has slope k = 1 and it
intersects the grid points, hence (x*(y;,),y;,) is always a grid point, i.e. p = 0. Using the delta approximation , = ok asin [3]
we get from Egs. (22) and (23) with n =v2,m=#n,and p =0

3,1_ (3v2-2)> v2h=1.1213% V2h. (26)

Ja€Z €7

This indicates a relative error of over 12% independent of the mesh size h. This was also observed in [3]. With the delta
approximation d, = 6%° we get from Eqs. (22) and (24) with n = v2,m =2n,and p =0

< 1 sin(5m/(2m))
shﬁ<5+W>%Ih~1oo35h;fh (27)

This shows that a relative error of 0.35% independent of the mesh size h is expected when the approximation 45, is used.
The line in Fig. 2(b) has slope k = 2 and it either intersect a grid point or lies in the mlddle of two grid points. Hence every
second time p = 1/2 instead of p = 0. Thus, using §. = J; Eqs. (22) and (23) withy =2, m =#nand p = 0,p = 1/2 every sec-
ond time gives

§,,(3‘/55_4+2‘/§5_2>Z£h~103612—h (28)

ja€z ez

This results in a relative error of 3.61% independent of mesh size. For 5; a relative error of around 0.013% is expected.
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3.1. Numerical validation

In order to validate the results of the previous subsection we consider I' being two parallel lines of length L at a normal
distance 2aq, joined at both ends by a half circle with radius a. The slope of the lines to the x-axis is k. The length of I is
S = 2L + 2ma. Contours of the distance function d(I",x) when k = 2 are shown in Fig. 3.

In Fig. 4(a) we show the relative error E = [S, — S|/S where S,, is computed according to Eq. (17) with §, = 65° and k = 1.
We can clearly see that there is no convergence as h — 0. Eq. (27) indicates that the relative error for the straight lines is
around 0.0035. We can see in the figure that this number is approached when the length of the straight lines is increased
and the radius of the half circles is decreased.

In Fig. 4(b) the slope of the parallel lines is 2 and d, = J}, has been used in the computation. There is no convergence. Eq.
(28) indicates that the relative error for the straight lines is around 0.0361. We see in the figure that as the length of the
straight lines is increased or the radius of the half circles is decreased the relative error approaches this number.

3.2. Mass condition reformulated using a Fourier transform

By the use of Poisson’s summation formula
@Y o) =Y ¢/, (29)
jez jez
the mass condition for a regularized delta function 6, = 1 ¢(x/¢) with ¢ = mh can be related to the Fourier transform of the
function ¢(¢)

o= [ pere e, (30)
in the following way:
Mo(Smn, X", ) = Z @((j —p)/m) = e P p(jm). (B1)
JEZ jez

The linear hat function, ¢(¢), defined as in Eq. (4), has the Fourier transform

N sin? (k)

Py =7 (32)
Thus, using Eq. (31) we have

oo i (SiN(TTM))\ >
Mo(s,x" h) =1+ > e Zﬂvl’(n—’m) , (33)

jezj # 0
Here, we have used that ¢'(0) = 1. The second term in Eq. (33) is zero independent of any shift in the grid x* only when

sin(rtmj) = O for all j € Z,j # 0. Therefore the mass condition is satisfied only for integers m > 1. This result can also be ob-
tained using formula (23).

4
r§ %) z 2
4 v 15 &
316 4
b
2 b
/v
“
1 ?
4 %
A
0
il v
_1 l{)
N
-2 o
z oz
) \/
_3 P
° k
-4 . A
-4 -2 0 2 4

Fig. 3. Contours of the distance function d(I',x). I is two parallel lines of length L = 4 at a normal distance 2a, joined at both ends by a half circle of radius
a=0.48/v/5. The slope of the lines to the x-axis is 2.
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Fig. 4. The relative error E = S, — S|/S where I' is two parallel lines of length L at a normal distance 2a, joined at both ends by a half circle of radius a. In (a)
the slope of the parallel lines is k = 1 and . = 65° is used. Circles: L = 4, a = 0.24v/2. Stars: L = 6,a = 0.12v/2. Squares: L = 6,a = 0.03v/2. The predicted
relative error for the length of lines is around 3.5 - 10>, In (b) the slope of the parallel lines is k = 2 and &, = &} is used. Circles: L = 4,a = 0.48/+/5. Stars:
L=6,a=0.12/V5. Squares: L = 6,a = 0.06v/2. The predicted relative error for the length of lines is around 0.0361.

The cosine approximation ¢%(¢), defined in Eq. (5), has the Fourier transform

sin(2mk) 1 :
ol = {( ) L, ff k# +1/2, 1)
1/2, if k=41/2.

By the same argument as above we have that the mass condition is satisfied only when sin(2ztmj) =0 forallje 7,j# 0
and m # 1/2. Therefore, the mass condition is satisfied when m > 1 and 2m is an integer.
In Eq. (22) we needed to evaluate My(d;, x*, h), where & = ymh. From Poisson’s summation formula we have

Mo(6;.x".h) = 3 e 2™ o (jyym). (35)
jez
Thus, in order to not have ¢(1) errors in the computation of the length of a straight line, m in ¢ = mh must be chosen such
that y#m > 1 is an integer when &, = % and nm > 1, 2ym is an integer when 9§, = 5.

Remark. The regularized one-dimensional delta functions were in this section extended using the distance function. If
instead a non-distance function ¢(xX) is used ¢ must be chosen differently in order to avoid ¢(1) errors. This is due to the fact
that ¢(x) does not give the physical distance, and hence a different scaling is needed.

Assume that ¢ (k) has compact support on (—1, 1) and that ¢(0) = 1. Then, by Eq. (35), for all m > 1/#, the mass condi-
tion is satisfied. When ¢(x) is a distance function we have that # > 1. This arises from the fact that the distance from I" mea-
sured along a grid line is always larger or equal to the closest distance to I', which is given by the distance function, see Fig. 2.
When 7 > 1 then for all m > 1, there is no ¢(1) error. If ¢(X) is not a distance function and |V¢| > 1, a harder restriction on
m is needed.

In the next section, we introduce a class of one-dimensional delta functions for which the @(k) functions have compact
support. We will see that this type of delta function approximations will satisfy the discrete moment conditions for a wide
range of dilations.

4. Approximations with compact support in Fourier space
In the last section we saw that the linear hat function - and the cosine approximation 65 with ¢ = mh are consistent
approximations in one dimension only for a discrete set of m-values. Therefore they can lead to inconsistent approximations

in higher dimensions. However, it is possible to construct delta function approximations that obey the mass condition for a
wide range of dilations. We start by stating a theorem

Theorem 4.1. Assume a regular grid in one dimension with grid points x; = jh,j € Z and let x* = x, + ph where 0 < p < 1 and
n € 7. Consider a delta function approximation 5, = 1 ¢(x/e) with &€ = mh where

0= [ plloea (36)
and the Fourier transform of ¢
o) = [ oo e (37)

If @(k) has compact support on (—p, ) and
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k)| { 1, forr=0,
ok |iso 0, for1<r<gq.

Then for all m > B the delta function approximation . satisfies q discrete moment conditions.

(38)

The discrete moment conditions are important for the accuracy of the one-dimensional delta function approximation, see
Proposition 2.1. The conditions in Eq. (38) in the theorem are equivalent to the continuous moment conditions, i.e.

0" 1, forr=0 1, forr=0
Tol - _ { ’ / PN dx = { : ’ (39)
ok’ oo 0, for1<r<gq 0, fori<r<agq.
The continuous moment conditions will be important as we consider the analytical error in higher dimensions.

Proof of Theorem 4.1 There is no restriction in taking n = 0, such that x* = ph, with 0 < p < 1. Let i .(x) = 1 p(x/e)x". We
have

Mi(30,% h) = b7 6,(% — x)(¥; hz @5 —x)/)(% —x) =h>_fral( — P)h). (40)

jez jez jez

Since the Fourier transform of f. .(x) is

P 1 o
(k) = —— 41
Jralk) = o i PR (41)
and the Fourier transform of fm(x —x*) is 27k’ fr_g(k) we have from Poisson’s summation formula Eq. (29) that
Mo ) = Y e 2 O p(ek/h). (42)
kez ) 8k

with &€ = mh we get

1
ko (—2mi)'

1 J@p(mk)
(—2mi) ok

e—kap

M; (0, X", h) =

a,w(mk» (43)

kezk # 0
If @ (k) has compact support in (—p, 8) the second term in the above equation vanishes for all m > g. Hence if the condi-
tion in Eq. (38) is satisfied for r = 0,1,...,q — 1 then 5, = 1 p(x/¢) satisfies q discrete moment conditions. O

An example of a delta function approximation with the function ¢ (k) having compact support is the delta function intro-
duced in Ref. [11]

R 1
o (%) = 5 0" (/¢) "
with
QDTE(E) _ /Oo Q)TE(k)eZ“”‘fdk, @TE(IC) _ {emedu@/;z; lf |k| < ﬁ, (45)
e 0 if |k| > B
d=0.1 and B = 1. Note that
HIE 2 o~ TE
ot =1, 20 o To7kl 22, o
ok i ok o dp

Hence from Theorem 4.1 we have that o7, (x) is of moment order 2 for all m > 1. Thus, it is possible to construct one-
dimensional delta function approximations that obey the discrete moment conditions for a wide range of dilations. These
delta function approximations will not have compact support since they have compact support in Fourier space. However,
if an approximation is decaying rapidly it can in practice be truncated.

It is computationally demanding to evaluate the approximation from its Fourier transform. Therefore, we would like to
have an explicit expression for the approximation. In the following we give explicit expressions for two delta function
approximations which have Fourier transforms that decay rapidly. Theorem 4.1 can then be used to find m-values for which
Jmn(x) satisfies the discrete moment conditions within a given error tolerance.

4.1. The derivative of the Fermi-Dirac function

Define a delta approximation as the derivative of the Fermi-Dirac or the sigmoid function

1 1 e
FD . _ 1
o) = e (1+e/e)? (47)

Let then 6/°(x) = 1 ™ (x/¢), where
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D x e
- 48
@) dief (48)
The Fourier transform of ¢ (&) is
PP (k) =1 — 4Tk f: (1Y (49)
— Jj+2mik )’

where 3 represents the imaginary part. This was obtained by differentiating the Fourier transform of the Fermi-Dirac func-
tion given in Ref. [16]. We have

" HFD
ooy =1, L2 g (50)
8k k=0
for r odd. However, the second derivative

O] YR SN Co V)
o k:o_len ; 7 # 0. (51)

Hence from Theorem 4.1 we have that 65, (x) is of moment order 2 for allm > f provided that ¢ (k) has compact support
in (—p, B). Since @ (k) does not have compact support, as was the case for p™ (k) we will always have a mass error but for
m = 2 this error will be of order 10~'® which usually is the order of rounding errors. Therefore we consider @ (k) to have
compact support in (-2, 2) and thus by Theorem 4.1 65, (x) is of moment order 2 for all m > 2. In Fig. 5(b) (solid line) we can
see that for k = +1, (k) is of order 10~7. This implies that taking m = 1 will typically give a mass error that is of order 10~".

4.2. The Gaussian function

Another example of a function that has a Fourier transform that decays rapidly is the Gaussian function. The Fourier
transform of a Gaussian is another Gaussian. Let

T 2.

P°(e) = \fge*““/f’. (52)
Then,

PC(k) = e~ (53)
Also, for this function we have that

. @k

0 -1 ZEH| o (54)

k=0
for all odd r but
2 5G
A0 (55)
k™ o

Hence from Theorem 4.1 we have that 6%, (x) is of moment order 2 for all m > f provided that ¢¢ (k) has compact support
in (—p, B). Just as @™ (k), the function @¢(k) is never zero. Therefore, it does not, strictly speaking, have compact support.
However, since the function decreases exponentially to zero, it can in practice be regarded as zero whenever smaller than

10° , 10°

-5

10

10 g X 1070

-15| 4 A -15
! 3 10

I
(o2}
|
EN
U
N
o
N
IS
(o2}
U
N
1
=N
o
-
N

(a) @(¢) (b) (k)

Fig. 5. The functions ¢(¢) (a) used to define the regularized delta functions J,(x) = 1 (x/¢), and their Fourier transforms ¢(k) (b). Solid lines: ¢(¢) = ¢(¢)
and ¢(k) = @™ (k). Dash-dotted lines: ¢(¢) = ¢©(¢) and p(k) = PC(k).
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some tolerance. In Fig. 5(b) we see the function (¢ (k) (dash-dotted line). For k = +1, »S(k) is of order 10> and for k = £2 it
is of order 10 '° just as (k). With an error tolerance of 10~'® we consider @°(k) to be of moment order 2 for all m > 2. We
can see from Fig. 5(a) that the support of ¢¢(¢) is much smaller than ¢™(¢). Since, in practical computations, a narrow sup-
port of ¢(¢) is desired the Gaussian approximation seems to be preferable.

In the next section we state and prove theorems about the error when the distance function is used to extend the one-
dimensional delta approximations to higher dimensions.

5. Error analysis

Let Q be the domain of integration. We assume throughout this section that the approximation 4.(d(I",x)) has compact
support in

Qo = {x:|d(I',x)| < @}, (56)
where d(I',x) is the signed distance function and  is small. We want to integrate
Irp— / 5(d(I", X)) F(X)dx. (57)
Q
The total error in the integration of the function é(d(I',x))F(x) approximated by §.(d(I',x))F(x) is

Etor#(0:) = /95(61(F7X))F(X)dx— quad (o, (d(I'",X))F(x)), (58)

where quad denotes the quadrature rule used to approximate the integral. The quadrature rule we consider is the trapezoidal
rule. We split the total error into two parts: the analytical error made when replacing the integrand with its approximation

Eus(6) = | (I x)Fo0dx~ | ou(d(r.x)Fx)dx (59)
Qu Q)
and the numerical error made in the integration of this approximation using the trapezoidal rule
Equadr(9:) :/ 0,(d(I',x))F(x)dx — quad(d.(d(I",x))F(x)). (60)

5.1. Analytical error

Definition 5.1. A function J,; with compact support in [—m, o] satisfies o continuous moment conditions if
@ 1, ifr=0
S (0)t'dt = T ’ 61
/—w #() {0, if1<r<o. (61)

We now state two theorems for the analytical error. The first theorem provides an expression for the analytical error in
two dimensions, and the second theorem in three dimensions.

Theorem 5.1. Let 5, be a continuous function with support in [—w, ], = pe that satisfies o continuous moment conditions, see
Definition 5.1. Assume that I', the zero level set of d(I',X), is a curve in R? of class C*> that can be parametrized by
I = (x(s),y(5)),x,y € C*[s1,s2] with the curvature i(s) defined by

w(s) = XL XOVE) i) \fe(s (s %0 (62)

q(s)’

Assume also that

a)msax|1<(s)\ <1, (63)

and that F(X) is a smooth function. Then, the analytical error for the integration of 6(d(I',x))F(x) made when replacing 6(d(I", X))
by 6.(d(I',X)) is given by

p
Eor(6,) = —6"Cor / O(E)EdE + 0, (64)
-p
with
1 ~Sy 1 ~S2
Cur = / 4a(5,0)d5 ~ =y / 9()K(5)fix-1e(5, 0)ds. (65)

A proof of this theorem for p =1 is given in Ref. [12] but a generalization is straightforward. The parametrization of
I' = (x(s),y(s)) and the normal vector of the curve defined by



2210 S. Zahedi, A.-K. Tornberg/Journal of Computational Physics 229 (2010) 2199-2219
—y'(s),X'(s
_ (Y (6).X() (66)
q(s)

are used to parametrize the integration domain €,. Introducing the parametrization X(s,t) = x(s) + tn!(s),
Y(s,t) = y(s) + tn?(s). The integration can be performed over [s;,s,] x [-®, w] when the condition in Eq. (63) is fulfilled.
The function f in Eq. (65) is defined by

f(s,t) = F(X(s,t),Y(s,t)). (67)

Theorem 5.2. Let 6, be a continuous function with support in [—w, ], w = pe that satisfies o continuous moment conditions, see
Definition 5.1. Assume that I', the zero level set of d(I',Xx), is a 2-manifold in R® of class C?. Suppose that
P(r,s) = (x(r,5),y(r,5),2(1,5)) : (r1,72) % (51,52) — V; is a coordinate patch on I' of class C% and I is covered by the disjoint
union of the open sets Vy,...,V, and a set of measure zero in I'. Let ic; and K, be the principal curvatures of I' on V;. Assume also
that

o max(max iy ()|, max|a(rs)) < 1, q(r,s) = [P, x PJ| 0, (68)
and that F(X) is a smooth function. Then, the analytical error for the integration of 6(d(I',Xx))F(x) made when replacing 6(d(I", X))
by 6.(d(I',X)) is given by

EwF — / Q) acdfzc F_,’_(( x+1 (69)
with

. r2 S2 ) S2
Cop= [ [ hirs.0arspdsar— [ [ r.5.00q(r,8) 01 (r.5) + walr.)dsr (70)
ot 51 r $1

and for o0 > 2

. 1 r S2 1 L) $2
C]‘X‘F:@/,l A q(ns)fw(r,s,O)derfm/r1 /S1 q(r,s) (11 (1, S) + K2(1, ) f 1) (1,5, 0)dsdr
1 r S2
-km/r1 /51 q(r,s)(k1(r,8)12(1, 8))fa—2)e (1,5, 0)dsdr. (71)

A proof can be found in the Appendix A. In order to perform the integration over 2, we parametrize this region using the
local parametrization of I and the normal vectors defined as

n=(n',n’n’) = (P x P). (72)

q(r,s)

Introducing the parametrization X'(r,s, t) = x(r,s) + tn'(r,s), Y/ (r,s, t) = y(r,s) + tn®(r,s), and Z(r,s,t) = z(r,s) + tn3(r,s)
we can cover the domain @, by disjoint union of open sets My, ..., M, and a set of measure zero in Q,, where

Mf = {(X7y7z) 1X :Xj(r757 t),y = Yj(r,s, t),Z:Zj(nS, t)7r € (rler)vs € (51752)7t € [—(,{)7(1)}}. (73)

The condition in Eq. (68) guarantees that this parametrization is non-singular. The integration can then be performed over
[r1,12] X [$1,52] X [, w]. For @ small one can Taylor expand

f(r,s,t) =FX(r,s,t),Yi(r,s,t),Z(r,s,1)) (74)

around (r,s,0) and express the analytical error in terms of the continuous moments of the function §,.
In the next section we analyze the numerical error made using the trapezoidal rule for integration.

5.2. Numerical error

The following theorem gives the error of the trapezoidal rule in one dimension.

Theorem 5.3. Let
Xp,=a+nh, n=0,...N, h=—— (75)

be a decomposition of the interval [a,b] and Ty(a, b, h, ) be the trapezoidal sum

Tn(a,b,h, ) = thn (Xn), (76)
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where

Wn:{l/Z, for n.:O, and n=N, (77)

1, otherwise.
Assume that (x) € C**(a, b). Then
b

T, — / Y(x)dx = Rr(a,b, h, (X)) (78)

with
D Byh®™ ey, P
RT(a7b7h7l//(x)) = l// (X) +R2F+2(avbvh7 l/’)v (79)
— (2k)! x=a

where B; are the Bernoulli numbers and Ry,.5(a, b, h,y) is 0(h*™2).

For a proof see Ref. [17, p. 298]. Note that when the function y(x) € C* for x € R and y has [a, b] as an interval of period-
icity, then

y®b) =y®@@), k=0,1,2,.... (80)

Hence,

IRr(a,b,h,y)| = 0(K*"?) (81)

for arbitrary r. Therefore, we have that for periodic infinite differentiable functions the trapezoidal error tends to zero faster
than any power of h, as h — 0. This is referred to as superconvergence. In Ref. [18] another proof is given. It is shown by using
the Poisson summation formula that the error

N b
Rr=h> wah(xs) - / Y (x)dx. (82)
n=0 a
decreases as y(1/h), with

Wk) = [ h W(x)e 2. (83)

If y € C'[R] and periodic, then /(1/h) = ¢(h"), as h — 0. Thus, for y € C**[R] the trapezoidal rule converges faster than any
power of h.
In higher dimensions we use the notion of a product rule. For simplicity we do the analysis here in two dimensions. The
analysis in three dimensions is similar. Let = [a, b] x [c,d], and y(x,y) € C**?(Q). Introduce a uniform grid
b—a d—c
NV Yo=c+nh,, n=0,...N, hy:T. (84)
Denote by Q the quadrature scheme obtained by using the trapezoidal rule in both x and y directions with step size h, and
hy. We can write

Xj:a+jhx7 1:0,M7 hX:

d
1= [ [ wteyyixdy = [ gy (85)
P JC
where
b
g = [ v yix (86)
Ja
Using the trapezoidal rule to integrate in the y-variable (see, Eqs. (76) and (77)) gives
N b
[=hy > w, [ wlxya)de+ Ree.d.hy.g(v)) (87)
n=0 a
where Ry is the quadrature error. Using also the trapezoidal method in the x-direction with step size h, yields
N M
I=h> w, (hx > Wil (x;,¥,) + Rr(a, b, hy, w(&yn))) +Rr(c.d, hy,g(y)). (88)
n=0 Jj=0

Simplifying the expression we get
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N M b
hyhxz DWW (X, ¥,) + Zh WaRr(a,b, he, (X, ¥,)) + Ry (C d, hy,/ w(x,y)dX) (89)
n=0 j=0 n=0

Hence

'Mi

Il
o

N
— hyhy Z

n=0 j

WnW, x]v.yn) (d—C) rr};lx\RT(a,b,hx,d/(x,yn))| +(b_a))rclg[sﬁ|RT(C7d7hy7l//(va))|7 (90)

and we see that the convergence results from one dimension extend to two dimensions. Thus, the superconvergence of the
trapezoidal rule also applies in two dimensions. We are now able to formulate the following theorem.

Theorem 5.4. Let Q = [a,b] x [c,d], and Q be the quadrature scheme obtained by using the trapezoidal rule in both x and y
directions with step size hy and hy. Suppose 6, has compact support in [—w, w] and Q. C Q where

Q, = {x:|d(I',x)| < w}. (91)
Suppose further that 6,(d(I',X))F(X) € C*(Q). Then the numerical error

Eqr(0: d(I',x))F(x)dx — Q(d:(d(I', X))F(x)) (92)

decreases faster than any power of h = max(hy, hy).

When 6, has compact support in [-w,®] the approximation J.(d(I',x)) has compact support in Q,. As long as
Q. C Q,6.(d(I',x)) is a periodic function on Q. Since the integrand is C*(Q) the superconvergence of the trapezoidal rule
gives the result of the theorem.

The same result also holds in three dimensions.

5.3. Practical considerations

The theorems in the previous section are applicable to delta function approximations with compact support in [, ©).
The delta function approximations presented in Section 4 are infinitely differentiable and satisfy two moment conditions but
do not have compact support. In practice, we will truncate the delta function approximations presented in Section 4 and set
them to zero outside some [—w, @] interval. This is motivated by the fact that the delta function approximations J, in ques-
tion decay exponentially fast. The truncation results in an approximation error. In the following, we comment on the error
we make by truncating the tail of 5f” and 6¢ and discuss how the theorems in the previous section can be used.

Denote the truncated delta function approximation by

50(t) = {(SC(t), for t in [-w, w],

0, otherwise, (93)

where §,(t) is one of the one-dimensional delta function approximations presented in Section 4 and w is the half width sup-
port of the truncated delta function.

In two and three dimensions, we split the total error in the integration of the function §(d(I',x))F(x) approximated by
8¢ (d(I',x))F(x) into two parts: the analytical error E, r(5;) defined in Eq. (59) and the numerical error Equqr(5;) defined
in Eq. (60). The analytical error in two dimensions is given by Theorem 5.1 and in three dimensions by Theorem 5.2. This
error depends on the number of continuous moment conditions the delta function approximation satisfies. All the delta func-
tion approximations J, in Section 4 satisfy two continuous moment conditions, see Eq. (39). By truncating these delta func-
tion approximations we make an approximation error and the continuous moment conditions are only satisfied to a certain
level of accuracy depending on the truncation parameter w.

In the following, we estimate the error we make by truncating the tail of 6. In two dimensions the analytical error for the
truncated approximation J;’ is

Eopr(67) = (17/605 dt)/ q(s sO)dstlp/_wb“( Jdt + 0(e), (94)

where Ci f, q(s), and f(s, t) are all defined in Theorem 5.1. Note that the only difference in three dimensions are the constants
in front of the one-dimensional continuous moment conditions, see Theorem 5.2.
Since both 6” and ¢ are even functions we have that

/%’) So(t)tdt + /w d,(t)tdt = 0. (95)

From the definition of 6”, Eq. (93) and since both &f” and ¢ satisfy the second continuous moment condition, i.e.

/m ég(t)tdt:/ 5g(t)tdt+/7 6g(t)tdt+/oo S:(t)tdt = 0, (96)
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the compactly supported delta function approximations also satisfy the second moment condition and hence the second
term in Eq. (94) is zero. To estimate the first term in Eq. (94) we need to estimate

I = / e (tde (97)
and
I = / 5. (Of (t)dt. (98)
For ., = 6™ (t) we have
2
FD | |FD| _
I+ L =1or (99)

and for 8, = 6%(t)
G, (G _1_ W
S +15) =1 erf(38), (100)

where erf is the error function defined by

erf(x) = % /0 e, (101)

Thus, given a tolerance one can choose /¢ such that |I; + I;| is below the given tolerance. Then, the analytical error is
0(&?) down to the given tolerance.

The analysis of the numerical error in two and three dimensions presented in Section 5.2 is based on the superconver-
gence of the trapezoidal rule for periodic infinitely differentiable functions. By truncating the delta function approximations
presented in Section 4 we make an approximation error and a mismatch in the odd derivatives at +o, i.e.
@*1(w) # @*-1(—w) results in an error, see Theorem 5.3. However, if the function ¢ is very small when truncated we ex-
pect the error in the trapezoidal rule to be small.

The total error is hence a sum of the analytical and the numerical error. We suggest here a way to select ¢ and the half
width support w so that the delta function approximations with compact support are second-order accurate down to a spec-
ified error tolerance. We have seen in numerical experiments that choosing w and ¢ according to this algorithm gives a total
error below the given tolerance. Given a tolerance C, appropriate values for ¢ and w can be determined by the following
steps:

. choose the smallest  such that ¢(B) < C,
. let ¢ = mh and take m = B, then

. for this & choose w such that

. d:(w) < C.

AW N =

In the first step we want to get a one-dimensional delta function approximation J,,;, that satisfies two discrete moment
conditions down to the specified error tolerance C for all m > . In the second step we choose the smallest such m and in the
third step we truncate the delta function within the same accuracy. In Figs. 6 and 7 we show the chosen m and w/h for

(a) 22 (b)14
2

12
1.8

16 10

e

€ 14 E 8
1.2

1 6

0.8 4

0.6 )

107® 107° 107 107° 107° 107
Error tolerance Error tolerance

Fig. 6. For the delta function 6%, we show in (a) m as a function of error tolerance. We show the smallest m such that ¢¢(m) is below the given error
tolerance. In (b) we show the half width support of aﬁh divided by h when m from (a) is used. The support is computed with the same error tolerance that
was used to find the appropriate m-value. This calculation was made for two different values of h, h = 107° (stars) and h = 1072 (squares) and gives an idea
of where the delta function approximation can be truncated. For a tolerance of 107° the optimal m is, for example, around 1.25 and the half width support is
around 6h, while for a requested tolerance of 107, m ~ 2 and the half width support is around 14h.
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Fig. 7. The delta function 6%, is used. This figure should be compared with Fig. 6. In (a) we show the smallest m such that ¢$¢(m) is below the given error

tolerance. In (b) we show the half width support divided by h of 6t when m from (a) is used. The support is computed with the same error tolerance that

was used to find the appropriate m-value. This calculation was made for two different values of h, h = 1076 (stars) and h = 1072 (squares) and gives an idea
of where the delta function approximation can be truncated. Here, for a tolerance of 10~° the optimal m is somewhat smaller than 1. The half width support
of the delta function approximation is around 22h. Note that this is much larger than the half width support of the Gaussian approximation which is around
6h for the same tolerance, see Fig. 6.

different error tolerances for 6¢ and 6, respectively. As an example, consider a tolerance of C = 10°°. For this tolerance, the
optimal m for the Gaussian approximation is around 1.25 and the half width support w is around 6h. For the derivative of the
Fermi-Dirac function, the optimal m is around 0.9 and the half width support > = 22h. The widths for the different functions
are in agreement with their decay behaviors, see Fig. 5. The Gaussian function decays much faster than the derivative of the
Fermi-Dirac function. The difference between the half width support w of the Gaussian approximation and the derivative of
the Fermi-Dirac function is larger for smaller error tolerances. In practical computations the Gaussian function is preferable.

6. Numerical results

In this section, we present three numerical examples using the distance function to extend the one-dimensional regular-
ized delta functions &, 6¢, and 6!F to higher dimensions. We also show results when non-distance functions are used. Here,
we study the rate of convergence numerically by mesh refinement. In all the examples in this section we have integrands
with non-vanishing second derivatives and ¢ = mh. Since the approximations 6'F, 5", and ¢¢ all are of continuous moment

order 2, we expect to have an analytical error of @(h)? in both two and three dimensions, according to Theorems 5.1 and 5.2.

Example 1. Consider the problem of computing the line integral

I=/ 3x% — y’ds = 2, (102)
r

where I is a circle of radius 1 centered at the origin. This problem has previously been considered by Smereka, see Table 3 in
Ref. [7]. We cover the domain Q = {x = (x,Y) : x| < 2, |y| < 2} with a regular grid

Xx;=-2+ih, i€z, (103)
y;=-2+jh, jez, (104)
and approximate the line integral I by
=173 (3% — ¥ ) o (6(T (3, 3). (105)
jez iez

In Fig. 8 the relative error E = |I, — I|/I is shown for m = 1, 2, and 2.5. In Fig. 8(a) the level set function ¢(I',X) = d(I',X)
and we see second-order convergence. The mass error in the case when m = 1 is of order 1077 (see Fig. 6) and cannot be seen
in the plot. We have also used the level set function ¢(I",X) = x*> +y?> — 1 as in Ref. [7], which is not a signed distance func-
tion. The results are shown in Fig. 8(b) and indicate second-order convergence for m > 2. In the case of this non-distance
function the mass error increases as expected (see the Remark in Section 3). For m = 1 the curve representing the error (cir-
cles in Fig. 8(b)) flattens out as h decreases since the total error is then dominated by the mass error.

Example 2. Here, we consider the computation of the surface integral:
_40m
=5

where I’ is a sphere of radius 1 centered at the origin. In Refs. [7,9] the level set function u(I',X) = x? 4+ y? + 2> — 1 is used to
extend one-dimensional regularized delta functions to three dimensions. The relative error using 65> (u(I",x)) and 65, (u(I", X))

= /(4 ~3x2 122 — 2)dA (106)
JI
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Fig. 8. The relative error E = |I, — I|/I where I and I, are defined in Egs. (102) and (105), respectively. We have used &/5, with m = 1 (circles), m = 2 (stars),
and m = 2.5 (squares). The dashed line is y = h?. In (a) the level function is the signed distance function. In (b) the level function (X)) =x>+y>—1is
used.

Relative error
N
o

h

Fig. 9. The relative error in the computation of the surface integral in Eq. (106) when I' is a sphere of radius 1 centered at the origin. The results are for
b‘gﬁ(u(r‘x)) (stars) and of,,(u(l"‘x)) (squares). In (a) the level function is the signed distance function. In (b) the level function u(I',x) = x*> + y*> +z> — 1 is

used.

is shown in Fig. 9(b), where second-order convergence can be seen. In Fig. 9(a) we use the distance function and observe that
the convergence is faster than second-order. Using spherical coordinates to parametrize the sphere I' one can show that the
constant C,r in the analytical error defined in Theorem 5.2 (Eq. (71)) with F = 4 — 3x? + 2y?> — 2% is zero. Further, since both
delta approximations used here satisfy all the odd moment conditions, the convergence is of fourth-order, in accordance
with Theorem 5.2. The results are similar when the center of the sphere is shifted. The relative error is smaller when
85, (u(I', X)) is used compared to 5, (u(T',X)). This is also in accordance with Theorem 5.2 since the width @ of &5, is much
smaller than the width of 6% (see Section 5.3). Consequently, the constant in the analytical error is smaller.

6.1. Partial differential equations

We consider now the differential equation,
Lu=06(gx), xXeQcRY, Bu=r(x), XxedQ. (107)

The solution can be written as
ux) = | Goy)a(r g.y)dy + Rox), (108)

where G(x,y) is Green’s function and R(X) represents the contribution from the boundary conditions. In the case of homo-
geneous boundary conditions R(x) = 0. In the computations the delta function is approximated by a regularized delta func-
tion 6.(I', g,X) with support in the interval [—w, w]. Assume that Green’s function G(x,y) is regular away from x =y for all
y € I'. Then, for all x; for which |x; —X| > w forall x e T,

lu; — u(x;)| < Ch™""9, (109)

where q is the order of accuracy of the delta function approximation and p is the order of accuracy for the discretization of
the differential operator L. For a proof see Ref. [3].

Example 3. Let us consider the Poisson equation in R?
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—Au=4(T,X), XeQcCR* uX) =wvX), XcoQ (110)

where Q = {x = (x1 x?): |xV| <1,]x?| <1}, ' ={x:|x—X| =1/2}, and v(x) = 1 — log(2|x — X|)/2. The solution of this
equation is

u():{l XX <1/2,

1-log(2lx —X)/2, [x—X|>1/2,

see Fig. 10. We introduce a uniform grid, with step size h = 2/N in both x and x® direction. The delta function approxi-

mations &2, 5¢, o™, and &¢ are tested for ¢ = mh. We use a fourth-order stencil D} to approximate the differential operator.
See [3] for the definition of Dj. The error,

l[u — unl|, (112)
is measured in both the maximum norm and the L1-norm. Here, u is the exact solution given in Eq. (111) and u, is the
numerical solution. In Figs. 11 and 12 we show the error when the circle I' is centered in X = (0, 0). In Fig. 11 the maximum
norm measured over the whole domain Q when &% and 65, are used is shown for m = 1, m = 2, and m = 3. We have first-
order convergence since we measured the error close to I'. To measure the error away from I', we introduce the sub-domain

(111)

Q={x:xeQ, [dI,x)|>n} (113)
Since 6P, 6, and 6™ are all second-order accurate we expect from Eq. (109) to see second-order convergence when the
error is measured away from I'. We recall that analytical results suggested that # > @ is needed to obtain the convergence
order of the delta function approximation, see Eq. (109). However, our numerical simulations indicate that # = ¢ is sufficient.
In Fig. 12 the maximum norm and the L1-norm of the error is shown for 82,65, 6%, and 65,. For the regularized delta func-
tion 6, of order h* in one dimension there is no convergence, neither in the maximum norm nor in the L1-norm. Note that
the error using &5, is almost identical to the error we obtain using d2.
We obtained similar results for other values of ¥ away from the boundary of the computational domain.

7. Conclusions
We have introduced delta function approximations that are convenient to use for delta functions with support on a curve

in 2D or a surface in 3D, represented implicitly by a level set. The framework is based on the “old” method with a one-dimen-
sional delta function approximation extended to higher dimensions by a distance function.

(a) 10°
107"
_8
7 107
-
s
107 107
107 107
107 . 107" 107 . 107"

Fig. 11. The maximum norm of the error measured over Q is shown for 6,,;, m = 1 (circles), m = 2 (stars), and m = 3 (squares). A fourth-order discretization
for the differential operator has been used. The dashed line is y = h. In (a) 6, = 65, is used. In (b) 5,y = 05, is used. As expected, we see a first-order error,
since we have measured the error also close to I'.
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Fig. 12. The error measured over Q (this domain is defined in (113) with 5 = 0.2) using a fourth-order discretization of the differential operator. The max-
norm of the error (circles) and the L1-norm (stars) are shown. The dashed line is y = h*. In (a) 5, = &52. In (b) &, = 65,. In (c) 5, = J%. In (d) 6, = &5,. The
second-order convergence is now obtained in (a)-(c), as we are excluding the region closest to I', as explained in the text.

This method was in [3] shown to be inconsistent when different compact one-dimensional delta function approxima-
tions were used. In this paper, we have shown that this can be understood from the fact that these compact functions
cannot both satisfy the discrete mass condition for all shifts in the grid and for a range of dilations of the support. This
is however possible if one is basing the approximation on functions that have compact support instead in Fourier space,
or in practice, that are smaller than some tolerance outside a given interval. For such functions, we have proven in both
two and three dimensions that the error can be bounded by the sum of the analytical and the numerical error. The ana-
lytical error is determined by the moment order of the one-dimensional approximation and the numerical error tends to
zero faster than any power of h in the limit as h — 0, due to the superconvergence of the trapezoidal rule. All the three
functions we have discussed have analytical errors of ¢(h*). When we are to compute an integral over the delta function
itself, yielding length of curve or surface area, or over the delta function multiplied by a linear function, there is no ana-
lytical error for any of the approximations that we have introduced, since the approximate delta functions are of moment
order 2.

A function that is compact or decays rapidly in Fourier space will not produce delta function approximations with com-
pact support. This means that in practice, we need to truncate these approximations. For the Gaussian function 6¢, that was
introduced in Section 4.2, the accuracy of this procedure was discussed in conjunction with Fig. 6 in Section 5.3. It was con-
cluded that to achieve an error around 10° we need ¢ > mh, m = 1.25. For m = 1.25 the Gaussian function can be truncated
so that the half width support becomes around 6h. To get an error around 10~ ', we need m = 2 and a half width support of
around 14h. When we have non-vanishing second derivatives of the function F, see (57), there will be an analytical error of
0(h*) which will dominate the numerical error, and for moderate grid sizes, there is no point in using a wider support than
6h.

In this paper, we also discussed the function o[, as defined in (44). This function yields very similar results to the Gauss-
ian, but is more computationally expensive, since the function is not given explicitly but must be computed from its Fourier
transform. We found that, compared to the other approximations, the approximation §:°, has a slower decay in real space
and hence a larger support. We therefore recommend to use the Gaussian approximation.
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Appendix A.  We start by stating a definition and a theorem from Ref. [19] that will be used in the study of the analytical
error in three dimensions.

Definition 8.1. Let k > 0. A k-manifold in R" of class C" is a subspace M of R" having the following property: For each p € M,
there is an open set V of M containing p, a set U that is open in either R¥ or the upper half-space in R and a continuous map
P:U — V carrying U onto V in one-to-one fashion, such that:

1. Pis of class C".
2. P"':V — U is continuous.
3. DP(x), the Jacobian matrix of P, has rank k for each x € U.

The map P is called a coordinate patch on M about p.

Theorem 8.1. Let M be a compact k-manifold in R", of class C'. Let f : M — R be a continuous function. Suppose that P; : A; — M,
fori=1,... Nis a coordinate patch on M, such that A; is open in R and M is the disjoint union of the open sets My, ..., My of M
and a set K of measure zero in M. Then

. N,
/Mde:;/Ai(foP,-)V(DPi). (114)

This theorem states that [, fdV can be evaluated by separately evaluating the integral over local parametrized parts of the
manifold and then summing up all the contributions. A proof of the theorem can be found in Ref. [19]. It is assumed that the
support of the integrand f lies in M.

Proof of Theorem 5.2. In three dimensions we cannot expect to have a global parametrization but a local exist. By the
assumption I" is a 2-manifold that can be covered by an union of disjoint open sets Vy,...,V;and a set K of measure zeroin I'.
It has been proven that such sets can be constructed using polygonal charts sets, see [20]. Further, we have assumed that a
coordinate patch P = (x(r,s),y(r,5),z(r,s)) : (r1,12) x (51,52) — V; of class C? on I exists.

The normal of I" at V; is defined as n = (n',n?,n%) = -1 (P, x P]), where q(r,s) = ||P} x P|| # 0.

The integration is over Q. This is a compact 3-manifold of class C?. The integrand 6.F : Q, — R, is a continuous function.
The domain Q,, can be covered by the disjoint union of open sets M, ..., M, and a set of measure zero in Q. The open set M;
can be given by the following parametrization

Mj={(x,y,2) :x=X(r,5,1), y =Y (r,5,1),z=2(r,5,1), T€(r.1),5€ (51,5),t €[00}, (115)
where X(r,s,t) = x(r,s) + tn'(r,s), Y/ (r,s,t) = y(r,s) + tn’(r,s), and Z(r,s,t) = z(r,s) + t3(,5). Let
Aj = (r1,12) % (51,52) X [~, ®], and

f=Xrst), Yrst), 2st). (116)

Then it follows from Theorem 8.1 that:

lo, (5:F) = S Iy Z/ (3,0 f)(F o B)V(DP), (117)

j=1 j=1 A
where V(Df') = | det(J(r,s, t))|dtdsdr. The Jacobian determinant for this transformation from (x,y,z) to (r,s, t) is

det(J(r,s,t)) = (X, YL, Z) x (X, YL, Z) - (X, Y2, Z) = (P x P+ t(n, x PL + P. x ng) 4 t2(n, x ng)) - M

mer §) 7 s1Ts

= |PLx PL|(1 = t(k1 + K2) + K1 K) = q(r,8)(1 — ticy (r,8)) (1 — tiy(T,s)). (118)

Here we have used that the coordinate patch, P’ is C> hence P/, = P/.. This transformation is non-singular because of the
assumption in Eq. (68)
Note that d(I',x) = t and denote

f(r,s,t) =FX(r,s,t),Y(r,s,t),Z2(r,s,1)). (119)
We have
Iy = / (850 F)(Fo fYV(DP) / / / f (1,5, 6)q(r,s)(1 — trq(1,5))(1 — trey(r, s))dtdsdr. (120)

The assumption that F(x) is a smooth function yields that f(r,s, t) has N + 1 bounded derivatives with respect to t. Since
t € [-w, »] we can for ® small Taylor expand f(r,s, t) around (r,s,0)
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N i
t

f(rs,t)= ZO: fi(r.s,0) + o). (121)

The index i in f;; denotes the number of partial derivatives with respect to t. Define the moments of the function J,(t) as
w

Mi(.(0) = [ e (122)
-

Replacing f(r,s, t) in Eq. (120) with its Taylor expansion we obtain
Iy =Mo(0:(0) [ [ "fir.s,00q(r.s)dsdr
[b] 52 2 S2
smoo)( [ [ s oarsdsar— [ [ s 0806 () +rr.9)dsdr )

N
+ 3 CL My (3,(1)) + O(My i1 (3,(t))), (123)

=2

where the constant C{;‘F is given in Eq. (71).
By the change of variable t/¢ = ¢ and since @ = pe we get

M) = [ Lowerd=e [ Z (o)t (124)

0]

By summing up contributions from all A; we obtain the theorem. O
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